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TESTS  ON  THE  STATIST! CAL  METHOD  OF  TREATING  THE  0°  C  HELIUM 
DATA  OBTAINED  FROM  A  BURNETT  COMPRESSIBILITY  APPARATUS 


by 

B.  J,  Dalton—^ 

ABSTRACT 

This  report  describes  tests  on  the  statistical  method  of  treat¬ 
ing  the  0°  C  helium  data  obtained  from  the  Helium  Research  Center  s 
Burnett  compressibility  apparatus.  Tests  have  been  carried  out  to 
show:  1,  the  effect  an  error  in  the  determination  of  the  pressure 

distortion  corrections  of  the  high-pressure  bombs  produces  in  the 
compressibility  factor,  Z,  which  is  a  function  of  virial  coefficients 
and  in  the  value  of  the  volume  ratio  at  zero  pressure,  N;  2,  the 
effect  an  error  in  the  fractional  change  in  the  effective  area  of  the 
piston  (at  25°  C,  P=0)  with  pressure  induces  in  Z  and  N;  and  3,  the 
effect  an  error  of  ignoring  the  change  in  volume  of  the  containers 
with  pressure  produces  in  Z  and  N.  The  statistical  tests  are  given 
for  the  compressibility  factor  isotherm  expressed  in  terms  of  the 
Berlin  expansion  in  powers  of  the  pressure,  assuming  the  contribution 
of  fourth  and  higher  virials  to  be  negligible, 

1 J  Research  chemist,  Helium  Research  Center,  Bureau  of  Mines, 
Amarillo,  Texas, 
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INTRODUCTION 

Compressibility  data  obtained  by  the  Burnett  method  involve: 

1.  calculating  pressures  from  a  series  of  experimental  observations 
of  gage  temperatures,  gage  pressures,  barometer  readings,  barometer 
temperatures,  and  relative  humidity  values;  2.  determining  correc¬ 
tions  for  the  pressure  distortion  of  the  high-pressure  containers; 
and  3.  evaluating  the  parameters  appearing  in  the  expression  for  the 
compressibility  of  the  gas  and  also  to  evaluate,  simultaneously,  the 
volume  ratio  at  zero  pressure,  N. 

The  general  expression  for  the  Burnett  experiment  is  of  the  form 

Z  =  (Z  /P  )  f  Nr  P  (1) 

r  '  o  o  r  r 

where  Z ^  is  the  compressibility  factor  of  the  gas  at  pressure  P^  and 
Z^  is  the  corresponding  value  at  pressure  Pq;  N  is  the  ratio  of  the 
volumes  of  both  containers  at  zero  pressure  to  that  of  the  first  con¬ 
tainer  at  zero  pressure;  r  is  the  expansion  number;  P^  is  the  equilib- 

th 

ri/um  pressure  after  the  r—  expansion;  Pq  is  the  initial  pressure; 

(l+cvP1 )  (l-k*P2)  ...  (1-toP^) 
fr  =  (l+PPo)  (1+PP^  ...  CH-3Pr_1 )  ; 

cr  is  the  pressure  coefficient  of  the  volume  of  both  containers;  and 

3  is  the  pressure  coefficient  of  the  volume  of  the  first  container. 

The  pressures  are  expressed  in  either  psia  or  standard  atmosphere 

2/ 

units  and  are  calculated  by  the  method  previously  outlined  (7_),~ 


2 J  Underlined  numbers  in  parentheses  refer  to  items  in  the  list  of 
references  at  the  end  of  this  report., 
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which  is  based  on  a  general  program  developed  for  this  particular  pur- 
pose  (5j), 

In  this  report,  we  assume  is  a  function  of  the  second  and  third 
virial  coefficients  and  is  expressible  in  terms  of  a  Berlin  expansion 
in  powers  of  P^, 

2 

Z  =  1  +  BP  +  CP  ,  (2) 

r  r  r 

For  the  interested  reader,  a  more  detailed  discussion  of  the  case  where 
Z^  is  of  some  other  functional  form  than  that  given  by  equation  (2)  or 
where  Z^  is  an  explicit  function  of  the  molal  density,  p^,  in  which 
case  Z^  is  to  be  considered  an  implicit  function  of  P^ ,  is  given  in  (2_), 
f^  of  equation  (1)  is  a  function  of  all  of  the  observed  pressures 
but  is  completely  independent  of  the  pressure  distortion  coefficients 
of  the  bombs  which  have  been  previously  determined.  The  principles 
connected  with  the  evaluation  of  or  and  3  have  been  given  by  Briggs  (5) 

6)  and,  therefore,  will  not  be  repeated  in  this  report. 

Statistical  tests  were  carried  out  on  the  experimental  compressi¬ 
bility  data  on  helium  at  0°  C  for  run  number  3  obtained  by  Briggs  (5_) 
in  order  to  illustrate:  1,  the  effect  an  error  in  the  determination  of 
the  distortion  coefficients  of  the  high-pressure  containers  with  pres¬ 
sure  produces  in  the  compressibility  factor,  Z,  which  is  a  function  of 
B  and  C,  and  in  the  volume  ratio  at  zero  pressure,  N;  2,  the  effect  an 
error  in  the  fractional  change  in  the  effective  area  of  the  piston  (at 
25°  C,  P=0)  with  pressure  introduces  in  Z  and  N;  and  3,  the  effect  an 
error  of  ignoring  the  pressure  distortion  of  the  bombs  induces  in  Z 


and  No 


I 


. 
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The  parameters  of  equation  (1),  assuming  to  be  expressible 
by  equation  (2),  were  evaluated  by  the  method  outlined  in  (2_),  which 
is  based  on  the  general  non-linear  least  squares  problem  developed  for 
this  particular  problem  (1,  3,  4,  8 ) .  The  calculations  and  results  of 
the  statistical  tests  on  the  experimental  PVT  data  for  helium  at  0°  C 
for  run  number  3  reported  in  (5)  are  given  in  the  following  sections. 

THE  EFFECT  AN  ERROR  IN  THE  DETERMINATION  OF  at  AND  |3 
PRODUCES  IN  Z,  B ,  C2  AND  N 

The  experimental  results  of  Briggs'  (5)  compressibility  measure¬ 
ments  on  helium  at  0°  C  for  run  number  3  are  given  in  table  1  of  this 
report o  The  values  of  column  1  are  expansion  numbers  corresponding 
to  the  observed  pressures  of  column  2,  The  pressures  are  in  standard 
atmosphere  units  and  the  number  after  the  letter  E  merely  indicates 
the  power  of  10  by  which  each  pressure  is  multiplied . 

Equation  (1), 

Z  =  (Z  /P  )  f  Nr  P  ,  (1) 

r  o  o  r  r 

was  applied  to  the  data  of  table  1  assuming  Z^  to  be  of  the  form  as 
given  by  equation  (2), 

Z  =  1  +  BP  +  CP2  .  (2) 

r  r  r 

The  values  of  the  pressure  distortion  coefficients  of  the  high- 
pressure  bombs  were  taken  to  be  (5^  6); 


ot 

O 

o 

n 

=  1 o  6678  X 

.  _ -6  -1 

10  atm  , 

(3) 

3 

o 

o 

O 

=  1,6671  x 

10  ^  atm  ^  „ 

(4) 

.  '»•! 

' 


- 
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TABLE  1 . -Original  experimental  observations  on  helium  at  0°  C  for  run 
number  3  as  reported  by  Briggs  (5_) 


z 

r 

=  (Z  /P  )  f  Nr 
*  o  o'  r 

P  ,  P 
r 

Z 

r 

=  1  +  BP  +  CP2 

r  r 

a 

=  1.6678  x  10"6 

-1 

atm 

3 

=  1.6671  x  10~6 

-1 

atm 

by 

=  -3.50  x  10~8 

.  2,. 
m  /  in 

P 

r  r 

(obs  ) 

in  atm 


ps  i 


0 

1 

2 

3 

4 

5 

6 
7 


7  o  0128236E02 
3 . 0170799E02 
1.4061376E02 
6 . 8033559E01 
3 . 3517320E01 
1 „ 6660572E01 

8  . 3186011E00 
4. 1639855E00 


1/  b  is  the  fractional  change  in  the  effective  area  of  the  piston 
(at  25°  C,  P=0)  with  pressure .  This  value  was  supplied  by  the 
Ruska  Instrument  Corporation;  see  (5.)  and  (7_)  for  a  more  detailed 
discussion  of  this  constant. 
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The  three  parameters  of  equation  (1),  B,  C,  and  N,  were  evaluated 
by  an  iteration  technique  (2_)  to  give  the  results  reported  in  table  2 
of  this  report,  assuming  QL  and  j3  to  be  defined  by  equations  (3)  and  (4), 
respectively.  The  values  of  column  1  of  this  table  are  expansion 
numbers  corresponding  to  the  observed  pressures  of  column  2.  The  pres¬ 
sures  of  column  3  are  those  pressures  which  exactly  satisfy  equation 

(1).  Column  4  is  the  residual  of  P  ,  ,  x  and  is  iust  the  difference  of 

r(obs)  J 

columns  2  and  3.  The  relative  error  of  the  observed  pressure,  column  5, 
is  just  column  4  divided  by  column  2. 

The  best  estimates  of  the  unknown  parameters  of  equation  (1)  are 
also  included  in  table  2  along  with  the  best  estimate  of  the  uncer¬ 
tainty  of  each  of  these  quantities.  The  best  values  for  B,  C,  and  N 
were  taken  to  be  the  least  squares  values,  where  the  observed  pressures 
were  taken  to  be  of  equal  reliability.  The  quantities  S  ,  ,  and 

are  the  calculated  standard  errors  of  N,  B,  and  C  evaluated  by  the 
method  outlined  in  (8_) .  The  quantities  given  under  the  heading  VARI¬ 
ANCES  AND  COVARIANCES  are  just  variances  and  covariances  of  the  param¬ 
eters  calculated  by  the  method  outlined  in  (8^)  (i.e.,  S2N  is  the 
variance  of  N;  S2BC  is  the  covariance  of  BC;  etc.). 

From  the  data  of  table  2  and  equation  (2),  the  compressibility 
factors  of  table  3  were  calculated,  together  with  the  standard  deviation 
of  each  Z.  The  values  of  column  1  of  this  table  are  nominal  pressures 
in  standard  atmosphere  units.  Column  2  gives  values  of  Z  corresponding 
to  the  pressures  of  column  1,  while  the  standard  deviations  of  these 
compressibility  factors,  SZ,  are  given  in  column  3. 


/ 
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TABLE  2 . -Results  of  the  analysis  of  the  data  of  table  1  for  a1  and  3  defined 
by  equations  (3)  and  (4) 


r 


P»  OBS. *  ATM. 


P*CAL • » ATM. 


P,0BS.-P,CAL. 


P,OBS.-PtCAL. 
P, OBS. 


0 

1 

2 

3 

4 

5 

6 
7 


7 .0128236E£02 
3.0170799E&02 
1 .4061376E£02 
6 . 80 3 3 559 E £01 
3 .  35 17320E£0 1 
1.6660572E£01 
8.3186011E-00 
4.1639855E-00 


7  *  0128236E£02 
3®0170849E£02 
1.4061112ES02 
6.8037124E£01 
3 • 3518813E£G1 
1 • 6659332E  £01 
8 • 3 161327E-00 
4. 16Q3444E-00 


0.00000E-99 
-4  *-9913  3E -04 
2 • 64039E-03 
—  3*  56490E-03 
-1.49289E-03 
1 ®23916E-03 
2*  46844E-03 
3 • 641 I IE-03 


0. 00000E-99 
-l*65435E-06 
1 «  87776E-05 
-5.23991E-05 
-4.4541 1 E— 05 
7 • 4377 1 £—05 
2.96737E-04 
8.74430E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4.30445E-G5 


CONSTANTS  AND  STANDARD  ERRORS 


N 

1 .994559047E— 00 

SN 

1 ®  29990E-04 

B 

5 . 277062588E— 04 

SB 

8. 84365E— 07 

C 

— 4® 739 06 145 QE— 08 

SC 

5.96411E-10 

VARIANCES  AND  COVARIANCES 


S2N 

1.68975E-08 

S2B 

7 • 82 102E- 1 3 

S2C 

3®  55707E-19 

S2BC 

-5.22569E-16 

S2BN 

— 1* 10699E— 10 

S2CN 

7  ® 13077E— 14 

/ 
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TABLE  3 . -Compressibility  factors  for  helium  at  0C  C  as  a  function 
of  pressure,  evaluated  from  equation  (2)  and  the  B  and 

C  values  of  table  2 


PRESSUREt  ATM. 

Z 

SZ 

1.000E-00 

1 . 0005276588E-00 

1.05758E-06 

2 • 000E-00 

1.001055222 9E-00 

2.04752E-06 

5.000E-00 

1.00 26373465 E- 00 

4. 89493E-06 

1 o  000E&01 

1.00 52723235 E- 00 

9.448926-06 

2 • 500E80 1 

1 .013 1630373 E— 00 

2.24701E-05 

5c000E&01 

1. 0262668364 E”00 

4. 308666-05 

7 .500E&01 

1.0393113972 E— 00 

6.28415E-05 

1 • 000EE02 

1.05229 67 197 E- 00 

8  o 1 91 29E-05 

1 • 2506802 

1 . 0652228039E— 00 

1.00365E-04 

1 • 500E802 

1 o  07 80 896499 E“ 00 

1. 18224E-04 

2  o  000E802 

1. 1036456271E-00 

1 o  52167E-04 

2 • 50GEG02 

1. 12896465126-00 

1. 83675 E- 04 

3 • 000E802 

1. 154 0467223 E— 00 

2 . 12614E-04 

3. 50GE802 

1.1788918403E- 00 

2.38822E-04 

4.000E802 

1.2035000052 £-00 

2 . 621 27E-04 

4  . 50QES02 

1.22 78712170 E- 00 

2 . 82357E-04 

5 • 00QE802 

1.2520054757E-00 

2.99346E-04 

6. 000E802 

1.2995631340E-00 

3.22985E-04 

7. 00GE802 

1.34617298 00 E- 00 

3. 3 1965E-04 

8. 000E802 

1. 3918350137E- 00 

3 .255476—04 

9.00GE8G2 

1. 4365492351 E— 00 

3 . 03584E— 04 

1.G00E803 

1 .4803 156442E- 00 

2. 671 34E-04 

« 

' 
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Now  suppose  the  determinations  of  the  pressure  distortion  coeffi¬ 
cients  of  the  high-pressure  containers  are  in  error  -  this  is  not  to 
imply  or  be  construed  to  mean  that  Qi  and  3  are  incorrect!  However,  to 
illustrate  the  first  statistical  test  carried  out  on  the  0°  C  helium 
data  for  run  number  3,  we  assume  these  quantities  to  be  in  error  by 
some  amount.  Then  on  solving  equation  (1),  we  would  get  new  values 
for  B,  C,  and  N  as  well  as  new  values  of  Z.  The  problem,  therefore, 
is  to  reevaluate  these  parameters  and  compressibility  factors  and  to 
decide  whether  the  effect  an  error  in  01  and  3  produces  a  statistically 
significant  difference  in  the  values  of  B,  C,  N,  and  Z. 

Let  us  assume  errors  in  ct  and  3  of  ±10%  and  ±20%: 


OO 

o 

on 

=  1.33424 

X 

10‘6 

-1 

atm  , 

0.8  3 

=  1.33368 

X 

10-6 

atm 

0.9 

O' 

=  1.50102 

X 

vO 

1 

o 

r— 4 

-1 

atm  , 

0.9  3 

=  1.50039 

X 

io-6 

-1 

atm 

1.1 

01 

*  1.83458 

X 

i— * 

o 

i 

Ch 

-1 

atm  , 

1.1  3 

=  1.83381 

X 

icT6 

-1 

atm 

1.2 

a 

-  2.00136 

X 

i<T6 

atm  ^ , 

1.2  3 

=  2.00052 

X 

i — 1 

o 

1 

-1 

atm 

Table  4  of  this  report  gives  the  results  of  the  new  values  of  the 
parameters  assuming  errors  in  ot  and  in  3  of  ±10%,  and  ±20%.  The  values 
given  in  table  4  have  the  same  meaning  as  those  of  table  2.  From  the 
results  given  in  table  4,  the  compressibility  factors  of  table  5  were 
calculated,  together  with  the  uncertainty  of  each  Z  factor. 

From  the  data  given  in  tables  1,  2,  3,  4,  and  5  of  this  report, 
the  following  significant  results  indicate  that: 

1.  Even  if  the  determination  of  the  pressure  distortion  coeffi¬ 
cients  of  the  bombs  is  in  error  by  as  much  as  ±207,,  the  least  squares 


' 


■ 
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TABLE  4. -Results  of  the  analysis  of  the  data  of  table  1  assuming  errors  in 
Qt  and  3  of  ±10%  and  ±20% 

0.8 a  =  1.33424  x  10"6  atm"1  0.83  =  1.33368  x  10~6  atm"1 


r 


P*QBSo , ATM* 


P  *  CAL  c  ?  ATM  « 


P,0BS*-P,CAL. 


P  *  DBS® -P  * C AL • 
P  f  OBS  e 


0 

1 

2 

3 

4 

5 

6 
7 


7  *0128236E£02 
3.0170799ES02 
1 • 4061 376EC02 
6 «  8033559EC01 
3  «35 17320E&01 
1 ®  6660572EC0 1 

8  *  31 860 1 1 E-00 
4o 1639855 E~ 00 


7.0128236EE02 
3«0170849EE02 
1 • 4061112EG02 
6o  8037128EC01 
3®3518814£S01 
1 « 6659331EC01 
8»3 1 61 305E— 00 
4o 1603425E“00 


OcOOOOOE-99 
~4o  9951 IE-04 
2» 64261E-03 
“3®  56832E-03 
~ 1 »  49367E-03 
1 «  24067E-03 
2»  47058E~03 
3 ®  64300E-03 


G.00000E-99 
- 1 • 65561 E— 06 
1 • 87934E-05 
”5 . 24494E-Q5 
-4o45641E-05 
7 • 44677E-05 
2.96995E-04 
8.74884E-04 


SUN  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4o31114E-05 


CONSTANTS  AND 

STANDARD 

ERRORS 

N 

1 • 99 45 59 505 E— 00 

SN 

1 „30G86E-G4 

B 

5.273648758E-04 

SB 

8  *>  84952E-07 

C 

-4  o  754640934E-08 

SC 

5.96924E-10 

VARIANCES  AND  COVARIANCES 


S2N  1.69224E-08 
S2B  7 .83141E-13 
S2C  3®56319E-19 
S2BC  —5  o  23370E- 16 
S2BN  -1 o 10854E— 10 
S2CN  7® 14232 E- 14 


. 


' 


■ 


rrj 


. 
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TABLE  4. -Results  of  the  analysis  of  the  data  of  table  1  assuming  errors  in 
O'  and  g  of  ±10%  and  ±20%  (Con.) 


0.9af 


1.50102  x  10 


-1 

a  tm 


0.93 


1.50039  x  10 


-1 

a  tm 


r 


P,QBS. , ATM.  P  * CAL  .  9  ATM. 


P,0BS.-P,CALo 


P» OBS.-Pf CAL* 
P, QBS. 


0 

1 

2 

3 

4 

5 

6 
7 


7  ®  0128236EGG2 
3.0170799EC02 
1 • 4061 376EC02 
6.8033559ECQ1 
3*35 17320EC01 
1.6660572E&01 

8  *  318601 1 E—GO 
4*1 639855  E-00 


7 . 0128236EC02 
3  *  01708496  £.02 
1.4061 112EE02 
6. 8037126EC01 
3.3518813EC01 
l o  6659332EC01 
8.3161316E-00 
4C 1603434E-00 


0c00000E-99 
-4„ 99322E-04 
2  o  64150E-03 
-3  *  5666  IE-03 
-1.49328E-03 
1.23992E-03 
2  o  4695  1E-G3 
3 . 64206E-03 


O.OOOOOE-99 
- 1 . 65498E— 06 
1.87855E-05 
-5.24243E-05 
-4.45526E-05 
7 • 44224E-05 
2 • 96866E-04 
8.74657E— 04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4.30780E-Q5 


CONSTANTS  AND 

STANDARD 

ERRORS 

N 

1.994559276E-00 

SN 

l • 30G38E— 04 

B 

5.275355672E-04 

SB 

8.84659E-07 

C 

-4  »  746851200E**08 

SC 

5. 96668E- 10 

VARIANCES 


AND  COVARIANCES 


S2N  1 o  691Q0E-Q8 
S2B  7 . 8262 IE- 1 3 
S2C  3o56013E-19 
S2BC  —  5. 22969E” 16 
S2BN  “1  * 10777E— 10 
S2CN  7 • 13654E- 14 


/• 


' 
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TABLE  4. -Results  of  the  analysis  of  the  data  of  table  1  assuming  errors 
cy  and  3  of  ±107o  and  ±207o  (Con.) 


m 


1 .  Icy 


1.83458  x  10 


-1 

a  tm 


1.13 


1.83381  x  10 


-1 

a  tm 


r 


P»0BS. *  ATM. 


P,CAL., ATM. 


P  *  08S  «-P  *  C  AL  • 


P9OBS0-P  >C  AL. 

P  »  OBS . 


0 

1 

2 

3 

4 

5 

6 
7 


7.0128236E802 
3.0170799E8Q2 
1.4061376E802 
6. 8033559E801 
3. 35 1 7320E801 
1.6660572E801 
8 .  31860 1 1 E-00 
4.1639855E-00 


7 o  0128236E802 
3. 0 1708 49E 802 
1.4061112E802 
6. 8037123E801 
3.3518812E801 
1 • 6659333E  801 
8o  3161337E-00 
4. 1603453E-00 


0c00000E-99 
-4, 98944E~04 
2 • 63928E-03 
-3.56319E-03 
- 1 .4925  IE-03 
1 . 23841E-03 
2 • 4673  7E— 03 
3.64016E-03 


0. 00000E-99 
“1.65373E-06 
1 • 87697E—05 
-5.23740E-05 
—4 . 45296E-05 
7.43318E-05 
2.96608E-04 
8 . 74202E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS 


4.30111E-05 


CONSTANTS  AND  STANDARD  ERRORS 


N 

1.994558817E- 

00 

SN 

1.29942E-04 

B 

5. 278769505 E- 

■04 

SB 

8c  84071E  —  07 

C 

-4 .731271686 E~ 

■08 

SC 

5.96155E-10 

VARIANCES  AND  COVARIANCES 


S2N 

S2B 

S2C 

S2BC 

S2BN 

S2CN 


1 . 68850E-08 
7.81583E-13 
3.554G1E-19 
-5. 22169E— 16 
-I ® 10622E- 10 
7.12500E-14 


. 


'■ 


. 


• 
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TABLE  4. -Results  of  the  analysis  of  the  data  of  table  1  assuming  errors  in 
a  and  3  of  ±10%  and  ±20%  (Con.) 


1.2a  =  2.00136  x  10 


-1 

atm 


1.23  =  2.00052  x  10 


-1 

a  tm 


r 


P*OBS»  t ATM.  PsCALo»ATM 


P,0BS.-P,CAL. 


Py OBSo-PtCAL  * 

PyOBSo 


0 

1 

2 

3 

4 

5 

6 
7 


7.0128236EC02 
3*01707 99E £02 
1 . 4061 376E  £02 
6 *  8033559EC01 
3 • 35 17320EE01 
1  • 6660572EC01 
8 • 318601 1E~00 
4*1639855 E- 00 


7  *  Q128236E&02 
3.0170849ES02 
1 • 40611 1 2E&02 
6. 8037121ECG1 
3*  3518812E801 
1  *  6659334E  801 

8  *  3 1 61348E-00 
4.1603463E-00 


OoOOOOOE-99 
-4*  98754E-04 

2  «  638 17E-03 
“3 .56 148E-03 
- 1  *  492 1 2E-03 

1.23765E-03 

2.46629E-03 

3  *  63922E-03 


0. 00000E-99 
-1.65310E-06 
1 • 8761 8E-05 
-5 .  23489E-05 
-4.45181E-05 
7  *  42865E-Q5 
2.96479E-04 
8*  73975E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4.29777E-05 


CONSTANTS  AND 

STANDARD 

ERRORS 

N 

1.99 4558588 E-Q0 

SN 

1.29894E-04 

B 

5 . 2 804 7 6 42 4£- 04 

SB 

8.83778E-07 

C 

—4.72348 190 5 E— 08 

SC 

5*  95898E- 10 

VARIANCES 


AND  COVARIANCES 


S2N 

S2B 

S2C 

S28C 

S2BN 

S2CN 


1  *  68726E“08 
7.81 063E— 13 
3.55095E-19 

—  5*  2 1 769E- 16 

—  1  * 10544E“10 
7  *  1 1924E-14 


/ 


. 
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TABLE  5 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  B  and  C  values  of  table  4  and  equation  (2) 


0.8a  =  1.33424  x  10-6  atm"1  0.83  =  1.33368  x  10"6  atm 


PRESSURE  *  ATM  o 

Z 

SZ 

1 • 000E— 00 

1*0005273173 E-00 

1  *  058 18E-06 

2  o  000E“G0 

1*0010545395 E-00 

2 • 04872E— 06 

5-000E-00 

1*00263563576-00 

4*  89791E-06 

1 o  000E801 

I® 0052688941 E-00 

9®  45481 E-06 

2  *  5Q0E80 1 

1*0131 544053  E“ 00 

2.24846E-05 

5  *  000EE01 

1*02624937776-00 

4*31 147E-05 

7  *  50GES.0 1 

1*03928 49 171 £-00 

6 • 28827E-05 

1*0008802 

1*05226102346-00 

8* 19665E-05 

1 *  250E&Q2 

1*0651 7 7696 8 E-00 

1  * 00431E-04 

1 • 5QGE802 

1® 07 80 349371 E-00 

1  *  1 8301 E-04 

2*0006802 

1 * 10357 1 1187E— GO 

1*522648-04 

2.500E8G2 

1*12886956836-00 

1 «  83790E-04 

3 * 000E802 

1*15393028598-00 

2® 12744E-04 

3.50GE802 

1® 17875327 13E-00 

2  *  38965E-04 

4.000ES02 

1 *  2033385248E— 00 

2.62280E-04 

4*50QESG2 

1* 2276860462 E~ 00 

2*8251 8E-04 

5  «  00QE802 

1® 2517958355 E-00 

2*99512 E-04 

6  *  000E802 

1*2993022181 E-00 

3*23 1 53E-04 

7  «  000E8Q2 

1 *34585767246—00 

3*321268-04 

8 • 0008802 

1*391462 1 986E— 00 

3*  2 5693E-04 

9®  0Q0E&02 

1*4361157966 E— 00 

3*  03709E— 04 

1 * 000E803 

1 *4798 184664E— 00 

2*67233E-04 

. 


■ 


• 

18 


TABLE  5 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  B  and  C  values  of  table  4  and  equation  (2)  (Con.) 


0.9 a  =  1.50102  x 

10"6  atm"1  0.93  =  1. 

50039  x  10'6  atm"1 

PRESSURE,  ATMo 

Z 

SZ 

1 • 000E—00 

lo 00052 74880E-00 

1.Q5788E-06 

2®  OOOE-OQ 

lo 0010548812 E- 00 

2o04812E=06 

5.000E-0G 

1.0026364911E-00 

4o  89642E— 06 

1.000ES01 

l®0052706088E-00 

90  451 87E-06 

2  o  50GE&01 

lo0131587213E—00 

2 0  24774E-05 

5.000E601 

1 ®  0262  58 1070 E- 00 

4  0  3 1006E— 05 

7  *500E601 

1  •  039298 1 57 1  E-=  00 

60  28621E-05 

1 »000E£02 

1 0  0522788716E-00 

80 19397E-05 

1 ®  250E&02 

lo0652002  504 E- 00 

1 0  00398E— 04 

1 • 500E602 

I© 0780622 93 5E-00 

1 0 18262E-04 

2  ®  0Q0ES02 

lol036083729E-00 

1 0  5221 5E-04 

2  ®  500ES02 

1® 1289171 09 8E-00 

1 0  83732E-04 

3®  Q0QE&02 

1® 1539885040E-00 

2o 1 2679E-04 

3»  500E&02 

1. 1788225558 E- 00 

2®  38894E“04 

4*000££02 

1 0 2034192649E— 00 

2 0  622Q4E-04 

4.500ES02 

1.2277786315E-00 

2o  82437E-Q4 

5  *>  0G0E&02 

I®  2519006556E—Q0 

2 «  99429E— 04 

6.000ES02 

1 o  29 943 2 6 76 0E— 00 

3  0  23069E-04 

7 • 000E602 

1®3460153261E“00 

3«.  32Q45E-04 

8o0G0ES02 

1 0  391648606GE—00 

3  0  2562QE—04 

9»0G0Ea02 

lo4363325157E“00 

3o  03647E-04 

1 • 000EE03 

1 0  4800670552 E— 00 

2o67183E~04 

( 
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TABLE  5 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  B  and  C  values  of  table  4  and  equation  (2)  (Con.) 


1.1a  =  1.83458  x 

10“6  atm-1  l.lp  =  1. 

83381  x  10'6  atm"1 

PRESSURE,  ATM* 

Z 

sz 

1 . 000E—00 

1.0005278296E-00 

1  *  05728E-06 

2  •  00QE-00 

1 o0010555646E~00 

2  *  04692E"06 

5 • GOGE-OG 

1*0026382019 E-QQ 

4*  89345E“06 

1 *  000EE01 

1*0052740382E-00 

9*  44598E-06 

2 • 50GES01 

1*0131673533 E-0Q 

2 • 24629E-05 

5  o  000E&0 1 

1.0262755657 E- 00 

4 *  30725E-05 

7  •500EG01 

1 *039 3246372 E- 00 

6*  28209E-05 

1 • 000ES02 

1*0523145678 E- 00 

8ol8861E-05 

1 *  250EE02 

1  *  06 52 453576 E~ 00 

1  *  00333E-04 

1 *  500EE02 

1.0781 17 0064 E~00 

1  * 18186E-04 

2  «  QQ0ES02 

1. 1036828814 E- 00 

1  *  521 1 8E— 04 

2  *  500ES02 

1*1290121 92 8 E- 00 

1  *  8  361 8E— 04 

3  *  000EE02 

1* 1 541049406E— 00 

2 • 1 2549E— 04 

3.500EE02 

1*178 96 11248 E- 00 

2.38751E-04 

4*  000EEQ2 

1*2035807455E~00 

2*  62051E“04 

4.500EE02 

1 *22 7963802 5 E- 00 

2  *  82277E-04 

5.000EE02 

1*2521 102960E- 00 

2  *  99264E-04 

6  *  OOOEE02 

1  *  2996935922E-00 

3  *  22901 E“04 

7  o  000E6Q2 

1 *3463306 341 £-00 

3*  31884E-04 

8o000EC02 

1*392021421 6E-00 

3*  25474E-04 

9*  000ES02 

1  *  43676 59548 E—Q0 

3*  03522E-04 

1.000ES03 

1. 4805642336 E- 00 

2  *  67084E-04 

»  *• 

. 

•  ' 

« 

*■ 
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TABLE  5 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  B  and  C  values  of  table  4  and  equation  (2)  (Con.) 


1.2a  =  2.00136  x  10~6  atm  1  1.23  =  2.00052  x  10-6  atm 


PRESSURE?  ATMo 

Z 

SZ 

1.0GGE-00 

lo 00052800 04 E— GO 

1 o  05698E-06 

2  »  OOOE-OO 

1 » 0010559 063 E- 00 

2  ©  046  32E-06 

5  *  000E-00 

lo0026390573E-00 

4o  891 96E“06 

1 « 000ES01 

1« 0052757529E-00 

9.44303E-06 

2 o  500ES01 

loOl 31716692E-00 

2  »  24557E-05 

5.000E801 

1® 02 62842950 E- 00 

40  30584E— 05 

7  o 500ES0 1 

1 . 0393378 773E-OG 

6o28003E-05 

1 «,  000ESG2 

lo 05233241 60 E” 00 

8. 18593E-05 

K250ES02 

lo0652679112E~00 

lo00300£-04 

1  *  50QEEG2 

1 o 0781 443629 E“00 

1 o 18148E“04 

2  c  00GE802 

lo 1037201 357E-00 

1  *  52070E-04 

2.500ES02 

1  o  1 290 59 7344 E- 00 

1  ©  83560E-Q4 

3*  0QGE£Q2 

lol541631590E~00 

2  o 12484E-04 

3*  500EE02 

1 o 1790304095E-00 

2o38679£-04 

4.00GEEG2 

I® 203661485 9E= 00 

2 *  61974E-04 

4  *  5GGESG2 

I®  2280 563 882 E— 00 

2*  82197E-04 

5.GGGEa02 

lo2522151 1 64E—  00 

2  o  99181E“04 

6*QQQESG2 

1 0  2998240506E—00 

3  o  228 1 7E— 04 

7o000££G2 

1  o34648  82883E“=00 

3*3 1 804E-04 

8oGooeao2 

1« 3922078297 E~ 00 

3o25401E”04 

9®  Q0GES02 

1 o  43 6982 6 747 E~ 00 

3o  03459E-04 

1 o  00GE£Q3 

1*4808 1 28234E—00 

2o67034E”04 

/ 
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solution  for  the  volume  ratio  at  zero  pressure,  N,  is  not  significantly 
affected.  We  conclude,  therefore,  that  errors  of  as  much  as  ±20%  in 
the  determination  of  O'  and  3  produce  insignificant,  differences  in  the 
least  squares  solution  of  N. 

2.  The  least  squares  solutions  for  the  second  and  third  virial 
coefficients,  B  and  C,  assuming  errors  of  as  much  as  ±20%  in  the  pres¬ 
sure  distortion  coefficients,  differ  from  those  evaluated  for  1.0  O'  * 

-ft  -1  -ft  -1 

1.6678  x  10  atm  and  1.0  3  =  1.6671  x  10  atm  by  less  than  the 

uncertainty  with  which  we  know  these  quantities.  This  is  interpreted 
to  mean  that  a  ±20%  error  in  the  determination  of  the  pressure  distor¬ 
tion  coefficients  of  the  bombs  produces  differences  in  the  least 
squares  solutions  of  B  and  of  C  which  are  statistically  insignificant. 

3.  The  values  of  the  compressibility  factor  differ  by  no  more 
than  the  stated  deviations  of  these  Z's  for  the  five  solutions:  0.8  cy; 
0.9  O';  1.0  O';  1.1  O';  1.2  O'.  We  conclude,  therefore,  that  errors  of 
this  magnitude  in  O'  and  3  produce  differences  in  Z  which  are  no 
greater  than  the  calculated  uncertainties  with  which  we  know  these 
quantities . 

One  of  the  important  points  to  come  out  of  this  analysis,  which 
I  had  not  appreciated  before,  is  that  the  independently  determined 
values  of  the  pressure  distortion  coefficients  of  the  bombs  appar¬ 
ently  have  little  influence  on  the  precision  of  the  PVT  data  obtained 
from  a  Burnett  compressibility  apparatus.  This  means,  therefore,  that 
any  error  in  the  determination  of  Oi  and  3  should  not  significantly 
influence  the  internal  precision  of  compressibility  measurements  on 
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the  gas.  This  has  been  found  to  be  true  in  the  analysis  of  the  0°  C 
helium  isotherm  data  of  Briggs  (5^)  for  run  number  3. 


THE  EFFECT  AN  ERROR  IN  THE  FRACTIONAL  CHANGE 
IN  THE  EFFECTIVE  AREA  OF  THE  PISTON  (AT  25°  C,  P-0) 

WITH  PRESSURE  PRODUCES  IN  Z,  B,  C,  AND  N 

To  illustrate  better  the  second  statistical  test  applied  to  the 
experimental  results  reported  in  (.5),  the  expression  from  which  pres¬ 
sures  are  calculated  (7_)  is  introduced: 


where 


P 

g 

M 

a 


c 


t 


P 

g 


Ma  (1  -  Pa/Pb)  gL/gg 

A  (1  +  bP  )[1  +  c (t -25 )]  ’ 

o  g 


(5) 


calculated  gage  pressure  (.5,  7),  psig, 

apparent  mass,  as  determined  by  comparison  with  brass 

standards,  in  air,  lb, 

density  of  air,  g/cc, 

density  of  brass,  g/cc, 

local  acceleration  due  to  gravity,  gal, 

standard  acceleration  due  to  gravity,  gal, 

2 

effective  area  of  piston  (at  25°  C,  P-0),  in  , 

2  2 

fractional  change  in  A^  with  pressure,  in  /in  psi, 
temperature  coefficient  of  linear  expansion  of  the 
piston-cylinder  combination,  in/ in  °C,  and 
temperature  of  the  piston-cylinder,  °C. 


- 
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Suppose  the  value  of  b  is  in  error  by  some  amount.  Then  the  pres¬ 
sures  as  calculated  from  equation  (5)  would  be  different  and,  hence,  we 
would  get  new  values  for  B,  C,  and  N  as  well  as  new  values  for  the 
compressibility  factor.  The  problem  is  to  determine  the  effect  an  error 
in  b  produces  in  the  volume  ratio  at  zero  pressure,  the  virial  coeffi¬ 
cients,  and  the  compressibility  factor  and  to  decide  whether  this  error 
is  s tatis ticallly  significant. 

Let  us  assume  the  fractional  change  in  the  effective  area  of  the 
piston  (at  25°  C,  P=0)  with  pressure  to  be  in  error  ±107o  and  ±20%: 

0.8  b  =  -2.80  x  10~8  psi"1; 

0.9  b  =  -3.15  x  10  8  psi 

1.1  b  =  -3.85  x  10  8  psi 

1.2  b  =  -4.20  x  10"8  psi"1. 

Table  6  of  this  report  gives  the  new  values  for  the  pressures  as 
determined  from  the  solution  of  equation  (5)  using  the  method  outlined 
in  (_5)  and  (7).  All  pressures  are  expressed  in  standard  atmosphere 
units.  The  values  of  column  1  of  this  table  are  expansion  numbers 
corresponding  to  the  observed  pressures  of  columns  2,  3,  4,  and  5. 

Equation  (1)  was  applied  to  the  data  of  table  6,  assuming  to 
be  expressible  by  equation  (2).  Table  7  of  this  report  gives  the 
results  of  the  analysis  of  the  data  of  table  6  for  ot  and  3  defined  by 
equations  (3)  and  (4),  where  the  quantities  given  in  this  table  have 
the  same  meaning  as  those  of  table  2.  From  the  values  of  B  and  C  of 
table  7,  the  compressibility  factors  of  table  8  were  calculated. 
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TABLE  6 . -Experimental  pressures,  in  standard  atmosphere  units,  as  evalu¬ 
ated  from  equation  (5),  assuming  the  fractional  change  in  the 
effective  area  of  the  piston  (at  25°  C,  P=0)  to  be  in  error 

±10%  and  ±20% 


r 


1/ 


r (obs  ) 


P 


21 

r (obs  ) 


3/ 


r (obs  ) 


^r  (obs  ) 


4/ 


0  7 . 0123187E02 

1  3.0169868E02 

2  1.4061175E02 

3  6 . 8033095E01 

4  3 . 3517210E01 

5  1 . 6660546E01 

6  8 . 3185954E00 

7  4. 1639844E00 


7.0125711E02 
3.0170334E02 
1.4061276E02 
6 . 8033327E01 
3 . 3517265E01 
1 . 6660559E01 
8. 3185983E00 
4. 1639849E00 


7.0130761E02 
3 . 017 1265E02 
1.4061477E02 
6 . 8033791E01 
3 . 3517375E01 
1.6660584E01 
8. 3186040E00 
4. 1639860E00 


7 . 0133287E02 
3.0171731E02 
1 . 4061577E02 
6 . 8034023E01 
3 . 3517429E01 
1 . 6660597E01 
8. 3186068E00 
4. 1639866E00 


1/ 

2/ 

3/ 

4/ 


Pressures  as  calculated  by  the  method  outlined 
assuming  b  to  be  in  error  by  -20%. 

Pressures  as  calculated  by  the  method  outlined 
assuming  b  to  be  in  error  by  -10%. 

Pressures  as  calculated  by  the  method  outlined 
assuming  b  to  be  in  error  by  +10%,. 

Pressures  as  calculated  by  the  method  outlined 
assuming  b  to  be  in  error  by  +20%. 


in 

(5) 

and 

(7), 

in 

(5) 

and 

(7), 

in 

(5) 

and 

(7), 

in 

(5) 

and 

(7), 

. 


, 


' 
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TABLE  7 .  -Results  of  the  analysis  of  the  data  of  table  6  for  O'  and  3  defined 
by  equations  (3)  and  (4) 


0.8b 


-2.80  x  10  ^  psi  ^ 


r 


PjOBSo  » ATM. 


P SCAL . *  ATM* 


P,0BS.-P?CALo 


Pt06S«-P>CALq 
P  ?OBSo 


0 

1 

2 

3 

4 

5 

6 
7 


7.0123187EC02 
3.0169868ES02 
1 • 4061 L  75ECG2 
6o8033095EC01 
3o3517210Ea01 
1.6660546EC01 
8. 31859 54 E— 00 
4* 1639844E-00 


7  *0123187E£02 
3  o  016991 8E  802 
1 • 406091 1EC02 
6.8036659E801 
3*35 18703EC0 i 
1  *  6659307EC0 1 

8  o  3 161 277E-00 
4«1603439E~00 


0. 000006-99 
-4*  9903  IE-04 
2  «  63970E-G3 
-3.56376E-03 
”lo 49266E-03 
1 «  23865E-03 
2  ®  46771E-03 
3 • 64045E-03 


0*  OOOOOE-99 
—  1  o  65407E-06 
1 • 87729E-05 
—5 • 23828E-05 
-4.45341E-05 
7.43466E-05 
2 • 9665 1 E-04 
8*  74273E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4.3G223E-05 


CONSTANTS  AND  STANDARD  ERRORS 


N 

1  * 9945 5 8 905 E— 00 

SN 

1.29960E-04 

B 

5. 276058057 E— 04 

SB 

8. 841 84E— 07 

C 

-4.739691916E-08 

SC 

5o96346E-10 

VARIANCES 


AND  COVARIANCES 


S2N  1 «,  68896E— 08 
S2B  7*  81781E—13 
S2C  3*  55628E- 19 
S2BC  -5.22405E-16 
S2BN  -1.10651E-1G 
S2CN  7  o 12832E- 14 


■ 


' 


/ 


' 


. 


. 
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TABLE  7 . -Results  of  the  analysis  of  the  data  of  table  6  for  Q1  and  3  defined 
by  equations  (3)  and  (4)  (Con.) 


0.9b 


-3.15  x  10  ^  psi  1 


r 


P i OBS • s  ATM. 


P  ,CAL • , ATM. 


P i DBS  *-P ; CAL  * 


P  1 08  S» -P  t  CAL « 

P  t OBS* 


0 

1 

2 

3 

4 

5 

6 
7 


7  o  012571 1EE02 
3*0170334E£02 
1 •4061276ER02 
6 • 8033327E&0 1 
3  »  35 17265EE01 
1.6660559E&01 
8.3185983E-0G 
4* 1 63 9 849 E- 00 


7  o 0 125711 E€02 
3*  01 70383EC02 
1.4061Q12EE02 
6.8036892EC01 
3 • 3518758EC0 1 
1 • 6659320EE01 
8*3 1 61302E-00 
4* 1603441E— 00 


0*  00000E— 99 
-4.99082E-04 
2.64005E-03 
-3  *  56433E— 03 
-I *  49277E-03 
1.23891E-03 

2  *  46808E~03 

3  »  64G78E— 03 


O.OOOOOE-99 
-1.65421E-06 
I.87753E-05 
-5.23910E-05 
-4.45376E-05 
7  *4361 9E-05 
2.96694E-04 
8*74351 E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4*30334E~05 


CONSTANTS  AND  STANDARD  ERRORS 


N 

1. 994558 976 E— 00 

SN 

1  *  29975E-04 

B 

5*  276560323E— 04 

SB 

8.84274E-07 

C 

~4*739376953E”08 

SC 

5.96378E-10 

VARIANCES 


AND  COVARIANCES 


S2N  1  *  68936E-08 
S2B  7 *  81942E—13 
S2C  3.55667E-19 
S2BC  — 5 . 22487E— 16 
S2BN  -1  * 10675E— 10 
S2CN  7  * 12955E- 14 


. 


/ 


.  • 

• 
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TABLE  7 . -Results  of  the  analysis  of  the  data  of  table  6  for  Q1  and  3  defined 
by  equations  (3)  and  (4)  (Con. ) 


1 .  lb 


-3.85  x  10  8  psi 


r 


P » OBS . ,  ATM. 


P, CAL., ATM. 


P, OBS. -P, CAL. 


P, OBS. -P, CAL. 

P,OBS. 


0 

1 

2 

3 

4 

5 

6 
7 


7.0130761EC02 
3.0171265E802 
1 • 4061477EE02 
6. 8033791E80 1 
3 • 3517375EC0 1 
1.6660584E801 
8.3186040E-00 
4 • 1 639860E-00 


7 • 0130761E802 
3.0171315EC02 
1 • 406121 3EC02 
6.8037357EE01 
3 • 3518868EC01 
1 o  6659345E  CO 1 
8.316I352E-00 
4* 1603446E-00 


0.00000E-99 
-4. 99183E-04 
2.64074E-03 
-3.56547E-03 
- 1 . 4930  IE-03 
1.23942E-03 
2.46880E-03 
3 . 64 144E-03 


0.00000E-99 
-1 . 6545OE-06 
1.87799E-05 
—  5  . 24073E-05 
-4.45446E-05 
7.43923E-05 
2.96781E-04 
8. 74508E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4.30556E-Q5 


CONSTANTS  AND  STANDARD  ERRORS 


N 

1.9945591L7E-00 

SN 

I.30005E-04 

B 

5. 277564850 E— 04 

SB 

8.84456E-07 

C 

-4.738745396E-08 

SC 

5 . 96444E- 10 

VARIANCES  AND  COVARIANCES 


S2N  I.69015E-08 
S2B  7 . 82262E- 13 
S2C  3. 55746E- 19 
S2BC  — 5 • 22652E- 16 
S2BN  -1.I0724E-I0 
S2CN  7. I3200E-14 


' 


■ 

' 


- 


\ 
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TABLE  7 . -Results  of  the  analysis  of  the  data  of  table  6  for  a  and  3  defined 
by  equations  (3)  and  (4)  (Con.) 


1.2b 


-4.20  x  10  ^  psi 


r 


P  t  OBS . » ATM . 


PtCAL. t ATM. 


P, OBS. -P, CAL. 


P, OBS. -P, CAL. 

PtQBS. 


0 


7.01 33287EE02 
3 • 0 17 1 73 1ECQ2 
1.4061577EC02 
6.8034023EC01 
3 • 3517429EC01 
1.6660597EC01 
8. 3 1 86 068 E- 00 
4. 1639866E— 00 


7.Q133287EC02 
3.Q171780E802 
1.4061313EE02 
6 • 8037589EC01 
3. 3518923E  80 1 
1 • 6659357E801 
8 • 3 161377E-00 
4. 1603448E-00 


0.00000E-99 
-4. 99234E-04 
2.64109E-03 
-3.56604E-03 
-1.49313E-03 
1.23967E-03 
2.46916E-03 
3.64176E-03 


0. 0000GE-99 

- 1 • 65464E- 06 
1.87823E-05 
-5. 241 55E-Q5 
-4.45481E-05 
7.44075E-05 
2.96824E-04 
8.74586E-04 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4.3G667E-05 


CONSTANTS  AND 

STANDARD 

ERRORS 

N 

1.9945591 88 £-00 

SN 

1.30G21E-04 

B 

5.278067112E— 04 

SB 

8.84546E-07 

C 

—4.7  38428794E-08 

SC 

5.96477E-10 

VARIANCES  AND  COVARIANCES 


S2N  1 . 69054E— 08 
S28  7.82423E-13 
S2C  3.55785E-19 
S2BC  -5.22734E-16 
S2BN  - 1 . 1Q748E-10 
S2CN  7.13323E-14 


' 


. 


■ 
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TABLE  8 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  data  of  table  7  and  equation  (2) 


0.8b 


-2.80  x 


.  -1 
ps  1 


PRESSURE,  ATM « 

Z 

SZ 

1.000E-00 

1.0005275584E-00 

1.05732E-06 

2 • 000E-00 

1.0010550220E-00 

2.04704E-06 

5.000E-00 

1 *00 26 368 441 £-00 

4.89381E-06 

l.oooeaoi 

1.0052713183E-Q0 

9.44682E-06 

2.50GEEQ1 

1. 0131605220 E— 00 

2.24653E-05 

5 « Q0GE&01 

1*0262617 979E-00 

4.30775E-05 

7.50GEE01 

1.0393038277E-00 

6 • 2  8283E-05 

1 - 000E&Q2 

1*0522866113 E- 00 

8 • 1 8957E-05 

1 «  250EE02 

1*0652101488E“00 

1.00344E-04 

1 • 500EE02 

1  *  0780744401 E-QO 

1. 18199E-04 

2.000E&02 

1.1036252843E-00 

1 • 52134E-04 

2 . 50GE&Q2 

1* 1289391439E-00 

1 «  83634E-04 

3. 00GEEQ2 

1* 1540160190E— 00 

2. 12566E-04 

3.500EEG2 

1 • 1788559094E-00 

2*  38766E-04 

4. 000E&02 

1.2034588152E-00 

2.62064E-04 

4.500E&02 

1* 22782473 64 E— 00 

2.82287E-04 

5.000EE02 

1. 2519536730 E— 00 

2  *  99270E-04 

6.000EE02 

1* 2995005925 E- 00 

3 • 22897E-04 

7 • 00GEE02 

1 • 346099 5 73 6E- 00 

3. 31867E-04 

8 • 00GEE02 

1*3917 50 6163 E- 00 

3.25443E-04 

9*  00GEE02 

1 *43 64 537206 E- 00 

3*  03477E-04 

1 • 000EE03 

1. 48 02 088 865 E— 00 

2 *  67028E-04 

- 


'■m  8*5*131  IE  ®i 


TABLE  8 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  data  of  table  7  and  equation  (2)  (Con.) 


0.9b  =  -3.15  x  10  8  psi 


PRESSURE,  ATM  o 

l 

SZ 

1  • OOOE-O0 

U0005276086E-00 

1 • 05745E-Q6 

2 • 000E-00 

1 *001055 122 4E -00 

2 • 04728E-06 

5  oGOOE-QO 

1  *  0026 3 7 0953 E- 00 

4*  89437E-06 

1.000EE01 

1* 005271 8209E-00 

9*447  87E-06 

2*  500EE01 

1*0131 6 1 7797 E- 00 

2.24677E-05 

5 • OOOEEO 1 

1  *  02626431 71 E—0Q 

4.30820E-05 

7.500EE01 

l*0393076124E-00 

6.28349E-05 

1.000E&02 

1*0522916655 E- 00 

8. 19043E-05 

1*2 5QEE02 

1*06521 64 763 E” 00 

1  *  G0355E-Q4 

1.500E&02 

1  *  07 8 08 2 0450 E- 00 

1.  1821 1 E-04 

2 • 0G0E&G2 

1. 1036354556E-00 

1*521 5GE-04 

2  *  500EE02 

1* 128951 8974 E" 00 

1  *  83655E-04 

3 • 000EE02 

1* 1540313704E-00 

2.12590E-04 

3*  500EE02 

1.1788738745E-00 

2*  38794E-04 

4  *  000EE02 

1.2034794098E-00 

2 *  62096E-04 

4*  500E602 

1*2278479762 E” 00 

2*  82322E-04 

5 • 000EE02 

1* 251 9795737 E“ 00 

2.99308E-04 

6  •  000E802 

1* 29953 18623E-00 

3*  22941E— 04 

7 • 000E802 

1 «  3461362755E-00 

3*  31916E-04 

8 • 000E802 

1*3917928133E~00 

3*2  5495E-04 

9*  000EE02 

1 *43650 14757 E- 00 

3 *  035 30E-04 

1.000E&03 

1. 4802622 62 7E— 00 

2  «  6708 IE-04 

* 


. 
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TABLE  8 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  data  of  table  7  and  equation  (2)  (Con.) 


1.1b 


-3.85  x  10  ^  psi  ^ 


PRESSURE,  ATM* 

Z 

SZ 

1 .0006-00 

1*00052770906-00 

1*05771 E -06 

2  *  Q00E-00 

1*001055323 4E- 00 

2*  04777E-06 

5 • 000E-00 

1* 002637 5977 E~ 00 

4*  89549E-06 

1*0006801 

1*00 52 728261 E— 00 

9.44997E-06 

2.5Q0E6G1 

1*0131642949 E- 00 

2 • 247  26E-05 

5  «  000EG01 

1.0262693556E-00 

4*  3091 IE-05 

7 . 500E  80 1 

1*0393151819 E“ 00 

6  *  28481E-05 

1  *  Q00E6Q2 

1*05230 177396-00 

8. 192156-05 

1  . 25GES02 

1*06522913166-00 

1 . 00376E-04 

1  *  500EE02 

lo0780972550E-00 

1* 18237E-04 

2 . G00E602 

i. 1036557988E-00 

1*521836-04 

2.500EG02 

1*12897740546-00 

1*836956-04 

3» 00QEGG2 

1*15406207466-00 

2*126396-04 

3*  500EG02 

1*17890980666-00 

2*  38850E-04 

4 . 000EG02 

1*20352060146-00 

2*621596-04 

4. 50Q6GQ2 

1*22789445886—00 

2*823926-04 

5 . 000EG02 

1 *25203 13790 E— 00 

2*993856-04 

6 . 0006G02 

1 . 2 99 5 944076 E- 00 

3.23030E-04 

7 . 0QQEG02 

1*34620968716-00 

3*320 14E-04 

8*0006802 

1*3918772 1 75 E— 00 

3. 255996-04 

9. 000EG02 

1  *  4 3 65 9 6 99 8 8 E- 00 

3.036386-04 

1*0006803 

1*48036903116-00 

2*  671 87E-04 

I 


, 


' 


■ 
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TABLE  8 . -Compressibility  factors  for  helium  at  0°  C  evaluated  from 
the  data  of  table  7  and  equation  (2)  (Con.) 


1.2b  =  -4.20  x  10“8  psi 


PRESSURE,  ATM. 

Z 

SZ 

1 «  Q00E-00 

1. 0005277593 E~ 00 

1.05784E-06 

2 «  OOOE-OO 

I. 0010554238 E~ 00 

2.04801E-06 

5.000E-00 

1.0026378489E-00 

4.89605E-06 

1.000ES01 

1.0052733286E-00 

9. 451 02E-06 

2  *  500EE01 

1.0131655 52 6 E” 00 

2.24750E-05 

5. 000E801 

1. 0262718748 E- 00 

4.30957E-05 

7.500EE01 

1. 0393189667 E— 00 

6 . 28547E-05 

1 • OOOE&02 

1. 0523068282 E” 00 

8. 19301E-05 

1 . 250E0Q2 

I. 06 52 3 545 94 E~ 00 

1.00387E-04 

1.500EE02 

1. 078 1048 60 2 E- 00 

1. 18249E-04 

2  o  000ES02 

1. 1036659707E-00 

1.52200E-04 

2 • 5G0EE02 

I. 1289901 598E-00 

1.83716E-04 

3. 0G0ES02 

1.1540774274E-00 

2.12663E-04 

3. 5Q0EE02 

1. 1789277736 E“ 00 

2.38878E-04 

4  o  000ES02 

1.203 5 411984 E~ 00 

2.62190E-04 

4„ 500EE02 

1. 227917701 7E-00 

2.82427E-04 

5 . 000E&02 

1. 2520572 836 E— 00 

2.99423E-04 

6 • 000E&02 

1.2996256830 £“00 

3.23074E-04 

7  o  000EE02 

1.3462463967E— 00 

3.32063E-04 

8 . 0GGEE02 

1.39 1919 42 47E“00 

3.25652E-04 

9.000ES02 

1.4366447668E— 00 

3 • Q3692E— 04 

1 • G00E8O3 

1. 48 04224232 E— 00 

2.67240E-04 

.  / 


' 


. 


33 


From  the  results  given  in  tables  1,  2,  3,  6,  7,  and  8,  the  follow¬ 
ing  significant  results  indicate  that: 

1.  The  least  squares  solution  for  the  volume  ratio  at  zero  pres¬ 
sure,  N,  is  not  affected  by  errors  of  ±107,  or  ±207.  in  the  fractional 
change  of  the  effective  area  of  the  piston  (at  25°  C,  P=0)  with  pressure. 
This  was  taken  to  mean  that  errors  in  b  of  as  much  as  ±20%  do  not  sig¬ 
nificantly  influence  the  least  squares  value  of  the  volume  ratio  at  zero 
pressure . 

2.  The  least  squares  solutions  for  B,  assuming  ±10%  errors  in  b, 

-8 

differ  from  the  second  virial  coefficient  evaluated  for  b  *  -3.5  x  10 
2  2 

in  /in  psi  by  about  1/17  the  calculated  uncertainty  of  this  parameter; 
the  corresponding  differences  for  ±207.  errors  in  b  are  about  9  times 
smaller  than  the  uncertainty  of  B.  This  means,  therefore,  that  errors 
of  as  much  as  ±20%  in  the  value  of  the  fractional  change  in  the  effec¬ 
tive  area  of  the  piston  (at  25°  C,  P=0)  with  pressure  influences  the 
least  squares  value  of  the  second  virial  coefficient  of  the  gas  an 
insignificant  amount. 

3.  The  least  squares  solutions  for  the  third  virial  coefficient, 
assuming  errors  of  0.8  b  and  1.2  b,  differ  from  C  evaluated  for  1.0  b 
by  about  1/100  the  calculated  uncertainty  of  the  third  virial  coeffi¬ 
cient!  The  corresponding  differences,  assuming  errors  of  0.9  b  and 
1.1  b,  are  (1/200  S  ).  This  is  interpreted  to  mean  that  errors  in  the 
value  of  b  of  as  much  as  ±207.  produce  insignificant  differences  in 
the  least  squares  solution  of  C,  the  third  virial  coefficient  of  the 


gas  . 


* 


* 
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4.  The  values  of  Z,  assuming  0.8  b  and  1.2  b,  differ  from  Z  evalu 
ated  for  1.0  b  by  about  (1/5  S^.)  over  the  pressure  range  1  to  700  atmos 
pheres ;  the  corresponding  differences,  assuming  0.9  b  and  1.1  b,  are 
almost  an  order  of  magnitude  smaller  than  the  uncertainty  of  the  com¬ 
pressibility  factor  over  this  same  pressure  range.  We  conclude,  there¬ 
fore,  that  errors  as  great  as  0.8  b  and  1.2b  produce  differences  in  Z 
which  are  no  greater  than  1/5  the  uncertainty  with  which  we  know  these 
compressibility  factors  over  the  pressure  range  of  this  experiment. 

We  also  note  that  the  independently  determined  value  of  the  frac¬ 
tional  change  in  the  effective  area  of  the  piston  (at  25°  C,  P=0)  with 
pressure,  b,  has  no  significant  influence  on  the  precision  of  the  PVT 
data  or  on  N.  This  means,  therefore,  that  any  error  in  the  determina¬ 
tion  of  b  should  not  affect  the  internal  precision  of  compressibility 
measurements  on  the  gas  or  the  value  of  the  zero  pressure  volume  ratio 
of  the  Burnett  apparatus.  We  found  this  to  be  true  in  the  analysis  of 
these  data. 


THE  EFFECT  AN  ERROR  OF  IGNORING  THE  CHANGE 
IN  THE  VOLUME  RATIO  WITH  PRESSURE  PRODUCES  IN  Z,  B,  C,  AND  N 

The  final  test  applied  to  the  experimental  compressibility  measure 

ments  of  table  1  was  to  determine  the  effect  an  error  of  ignoring  the 

pressure  distortion  of  the  bombs  produces  in  the  compressibility  factor 

the  virial  coefficients,  and  the  zero  pressure  volume  ratio  and  then  to 

decide  whether  this  assumption  of  O'  =  3  =  0  differs  significantly  from 

the  results  previously  calculated  using  the  present  values  for  these 


.  . 


4 


. 
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-6  -1 

pressure  distortion  coefficients  (i.e.,  O'  =  1.6678  x  10  atm  ,  3  = 
1.6671  x  10  ^  atm  ^). 

Equation  (1)  was  applied  to  the  data  of  table  1,  where  is 
expressible  by  equation  (2),  to  give  the  results  of  table  9  for  O'  * 
3=0.  The  values  given  in  table  9  have  the  same  meaning  as  those  of 
table  2.  From  the  results  of  table  9  and  equation  (2),  the  compressi¬ 
bility  factors  of  table  10  were  calculated.  The  deviations,  S  ,  given 

La 

in  this  table  are  standard  deviations  as  determined  by  the  method  pre¬ 
viously  given  in  (8). 

The  results  of  tables  1,  2,  3,  9,  and  10  indicate  the  following: 

1.  The  least  squares  solution  for  N,  assuming  0i  -  3  =  0,  differs 

-6  -1  -6 

from  that  evaluated  for  cy  =  1.6678  x  10  atm  and  3  =  1.6671  x  10 
atm  by  (1/100  S^).  This  was  interpreted  to  mean  that  ignoring  the 
pressure  distortion  coefficients  of  the  bombs  does  not  produce  a 
statistically  significant  difference  in  the  least  squares  solution  for 
the  zero  pressure  volume  ratio. 

2.  The  solution  for  B,  assuming  Qt  =  3  =  0,  differs  from  that 
previously  calculated  using  the  present  values  for  these  pressure  dis¬ 
tortion  coefficients  by  more  than  one  would  expect  from  the  calculated 
uncertainties.  This  suggests,  therefore,  that  ignoring  the  change  in 
the  volume  ratio  with  pressure  could  be  significant  insofar  as  the 
second  virial  coefficient  of  the  gas  is  concerned. 

3.  The  solution  for  C,  assuming  ot  =  3  =  0>  differs  from  that 
evaluated  using  the  present  values  for  these  pressure  distortion  coeffi¬ 
cients  by  no  more  than  one  would  expect;  that  is,  the  difference  is  less 
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TABLE  9 . -Results  of  the  analysis  of  table  1,  assuming  the  volume  ratio  to  be 
independent  of  the  pressure  (cy  =  0  =3) 


r 


PsOBSo  » ATM, 


P  *  CAL  o  y  ATM* 


P  *  08  S--P  y  CAL  o 


P»OBS.-PtCAL« 

P  9 OBS « 


0 

1 


7 «  0 1 282 36EC02 
3.0170799ES02 
1 • 406 1 376E  802 
6 • 8033559EC0 1 
3 *3517320660 1 
1  * 6660572EC01 
8*31860116-00 
4<>  1639855E-00 


7  -0 128236EC02 
3o  01708496602 
1 «  4061 1 1 IE  £02 
6o  8037141EE01 
3  c  3518817ES01 
1*66593256801 
8*31612196-00 
4o 1 603349E-00 


0*  00000E-99 
-5«  01023E-04 
2o  65149E-03 
-3*581996-03 
- 1  *  49675E-03 
1*246716-03 

2  *  4791 7E-03 

3  «  65058E-Q3 


0.00000E-99 
-1.66062E-06 
1.88565E-05 
-5.26504E-05 
-4*46560E-05 
7.48301E-05 
2-980276-04 
8*  76703E-Q4 


SUM  OF  WEIGHTED  SQUARES  OF  THE  RESIDUALS  4*33797E~05 


CONSTANTS  AND  STANDARD  ERRORS 


N 

1*9945613386-00 

SN 

1 • 3G470E-04 

8 

5,2599935026-04 

SB 

8,873006-07 

C 

“4,8169582476-08 

SC 

5.98977E-10 

VARIANCES  AND  COVARIANCES 


S2N  1 ,  702246—08 
S28  7 ,  873026— 1 3 
S2C  3*  58774E— 19 
S2BC  —5*  265786—16 
S2BN  -1,114766-10 
S2CN  7,188606-14 
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TABLE  10 . -Compress ibility  factors  for  helium  at  0°  C  evaluated  from 
the  data  of  table  9  and  equation  (2) 


PRESSURE,  ATM. 

Z 

SZ 

1.000E-00 

1.0005259511 E— 00 

l • 06059E— 06 

2.000E-00 

1.0010518060E-00 

2 • 05352E-06 

5.000E-00 

1.0026287925E-00 

4.90978E-06 

1 • 000E&01 

1. 0052551 765 E- 00 

9.47836E-06 

2 • 500EE01 

1. 0131198777 E- 00 

2 . 2  5423E-05 

5 • 000EEG1 

1.0261795 43 5 E- 00 

4.32272E-05 

7 . 500EE01 

1.039178 99 73E-00 

6.30473E-05 

1 • 000EG02 

1.0521182391 E- 00 

8.21807E-05 

1 . 250EE02 

1.0649972690E-00 

1 • 00692E-04 

1 . 500EE02 

1.0778160869 E- 00 

1.18607E-04 

2 • 000E802 

1.1032730867E-00 

1.52651E-04 

2 . 500EE02 

1. 1284892386E-00 

1.84249E-04 

3 . 000EE02 

1. 1534645426E-00 

2. 13264E-04 

3.500ES02 

1. 1781989987 E“ 00 

2.39535E-04 

4. 000E802 

1. 2026926068 E“ 00 

2.62891E-04 

4 . 500EE02 

1 o  2269453671 E~ 00 

2.83158E-04 

5 . 000EE02 

1 . 2509 572 7 94 E- 00 

3.00172E-04 

6 . G00E8G2 

1 . 2982585604E— 00 

3.23823E-04 

7 . QQ0EEG2 

1 • 344 59 64497 E” 00 

3.32769E-04 

8 • QOOEE02 

1.3899709474E-00 

3. 2  62  776—04 

9. 000EE02 

1.43 438205 34E- 00 

3.04207E— 04 

1 • 0Q0EEG3 

1. 4778297677 E“ 00 

2.67628E-04 

, 
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than  the  uncertainty  with  which  we  know  this  difference.  We  conclude, 
therefore,  that  ignoring  the  pressure  distortion  of  N  has  an  insignifi¬ 
cant  effect  on  the  least  squares  value  of  C. 

4.  The  compressibility  factors  of  the  gas  calculated  for  zero 

distortion  of  the  volume  ratio  with  pressure  differ  from  those  evaluated 

-6  -1  -6  -1 

using  O'  *  1.6678  x  10  atm  ,  3  *  1.6671  x  10  atm  by  more  than  is 
to  be  expected  from  the  calculated  uncertainties.  This  means,  therefore, 
that  the  effect  of  ignoring  the  pressure  distortion  coefficients  of  the 
bombs  has  a  statistically  significant  effect  on  the  values  of  Z  which 
amounts  to  more  than  three  times  the  expected  difference  at  700  atmos¬ 
pheres;  about  twice  the  expected  difference  at  300  atmospheres,  and 
about  1.4  times  the  expected  difference  at  50  atmospheres. 
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